Abstract. In this paper we establish a new lattice description for superspecial abelian varieties over a finite field Fq of q = p a elements. Our description depends on the parity of the exponent a of q. When q is an odd power of the prime p, we give an explicit formula for the number of superspecial abelian surfaces over Fq.
Introduction
Throughout this paper p denotes a prime number, and q = p a a power of p with an exponent a ∈ N, the set of strictly positive integers. The goal of this paper is to calculate explicitly the number of superspecial abelian surfaces over a finite field F q . This can be regarded as a natural extension of works of the authors [21, 23] and the last named author [26] contributed to the study of supersingular abelian varieties over finite fields.
Recall that an abelian variety over a field k of characteristic p is said to be supersingular if it is isogenous to a product of supersingular elliptic curves over an algebraic closurek of k; it is said to be superspecial if it is isomorphic to a product of supersingular elliptic curves overk. As any supersingular abelian variety is isogenous to a superspecial abelian variety, it is very common to study supersingular abelian varieties through investigating the classification of superspecial abelian varieties.
For any integer d ≥ 1, let Sp d (F q ) denote the set of isomorphism classes of d-dimensional superspecial abelian varieties over the finite field F q of q elements. The case where d = 1 concerns the classification of supersingular elliptic curves over finite fields. The theory of elliptic curves over finite fields has been studied by Deuring since 1940's and becomes well known. There are explicit descriptions for each isogeny class; see Waterhouse [20, Section 4] . However, the authors could not find an explicit formula for | Sp 1 (F q )| in the literature. For the sake of completeness we include a formula for | Sp 1 (F q )|, based on the exposition of Deuring's results by Waterhouse [20] . The goal of the present paper is then to find an explicit formula for the number | Sp d (F q )| in the case where d = 2.
Before stating our main results, we describe a basic method of counting Sp d (F q ). For simplicity assume that F q = F p is the prime finite field for the moment. One can divide the finite set Sp d (F p ) into finitely many subsets according to the isogeny classes of members. Therefore, it suffices to classify all d-dimensional supersingular isogeny classes and to count the number of superspecial members in each supersingular isogeny class. The Honda-Tate theorem allows us to describe isogeny classes over F q in terms of multiple Weil q-numbers (which are simply finite nonnegative integral formal sums of Weil q-numbers up to conjugate; see Section 4.1). If π is a supersingular multiple Weil q-number, we denote by [X π ] the corresponding supersingular isogeny class (here X π is an abelian variety in this class), H(π) the number of isomorphism classes of abelian varieties in [X π ] and H sp (π) the number of isomorphism classes of superspecial abelian varieties in [X π ]. Then we have
where π runs through all supersingular multiple Weil p-numbers with dim X π = d.
We classify all possible isogeny classes π's occurring in the sum (see . The problem then is to compute each term H sp (π). One should distinguish the cases according to whether the endomorphism algebra End 0 (X π ) = End(X π ) ⊗ Q of X π satisfies the Eichler condition [18, Section III.4, p.81] or not. We now focus on the case where d = 2.
Consider the case where π is the Weil p-number √ p . Correspondingly, X π is a supersingular abelian surface. It is known (see Tate [16] ) that the endomorphism algebra End 0 (X π ) of X π is isomorphic to the totally definite quaternion algebra algebra D = D ∞1,∞2 over the quadratic real field F = Q( √ p ) ramified exactly at the two real places {∞ 1 , ∞ 2 } of F . In this case all abelian surfaces in the isogeny class [X √ p ] are superspecial, i.e. H( √ p ) = H sp ( √ p ). When p = 2 or p ≡ 3 (mod 4), Waterhouse proved that the number H( √ p ) is equal to the class number h(D) of D. When p ≡ 1 (mod 4), the number H( √ p ) is equal to the sum of h(D) and the class numbers of two other proper Z[
√ p ]-orders in D of index 8 and 16, respectively (the descriptions of these orders are made concrete by results of [25] ). These class numbers are computed systematically in our previous work [23] . Therefore, we obtain an explicit formula for the term H sp ( √ p ) given below. In what follows we write K m,j for the number field Q( √ m , √ −j ) for any square-free integers m > 1 and j ≥ 1. If m ≡ 1 (mod 4), then we define [23, Theorem 1.4 ] that the authors developed. This formula allows us to compute the class number of an arbitrary Z-order in a totally definite quaternion over a totally real field F . This Z-order does not necessarily contains the maximal order O F of F . For a quadratic real field F , the special zeta value ζ F (−1) can be calculated by Siegel's formula [28, a, where d F is the discriminant of F/Q, b ∈ Z and a, c ∈ N.
The first main result of this paper gives the following explicit formula for |Sp 2 (F p )|, the number of isomorphism classes of superspecial abelian surfaces over F p . To obtain this formula, we calculate all terms H sp (π) with π = ± √ p in (1.1), and then sum them up together with H( √ p ). The computation of H sp (π) uses a lattice description for superspecial abelian varieties; see Section 5 for details. Similar to Theorem 1.1, special attentions have to be paid to the cases with small primes p. 
For p > 5 and p ≡ 3 (mod 4), we have
A key ingredient of our computation for Sp 2 (F p ) is Theorem 5.1, which works only for the prime finite fields. Centeleghe and Stix [3] provide a categorical description of Theorem 5.1 (also compare [26, Theorem 3, 1] ). However, their results are also limited to the prime finite fields. When the base field F q is no longer the prime finite field, direct calculations via the counting method described earlier for Sp d (F q ) (even when d = 2) become more complicated.
Our second main result extends the computations of Sp 2 (F p ) to Sp 2 (F q ) for more general finite fields F q via Galois cohomology. Observe that if d > 1, then there is only one isomorphism class of d-dimensional superspecial abelian varieties over F p (see [11, Section 1.6, p. 13] or Theorem 6.6). Suppose X 0 is any d-dimensional superspecial abelian variety over F p . Then there is a bijection of finite sets
where 
The bijection for the case d = 1 is handled separately in Section 4 (see Remark 4.5). For d ≥ 2, the bijection is established in Theorem 6.7. Along the way, we prove in Section 6.2 the following general result connecting isogeny classes of abelian varieties over F q with cohomology classes.
Then there is a canonical bijection of pointed sets
sending [X 0 ] to the trivial cohomology class. Theorem 1.3 together with Theorem 5.1 give a new lattice description in Theorem 6.9 for Sp d (F q ) when q is an odd power of p. When q is an even power of p, a lattice description of Sp d (F q ) completely different from the odd case is given in Theorem 6.11, which paves the way to explicit formulas of |Sp 2 (F q )|. The detailed formulas and computations will be presented in a separated paper [22] .
The paper is organized as follows. In Section 2, we parameterize simple isogeny classes of supersingular abelian varieties over F q using Weil q-numbers. Their dimensions are calculated in Section 3. In Section 4 we treat the dimension 1 case and calculate the the number of isomorphism classes of supersingular elliptic curves over finite fields. The dimension 2 case is then treated in Section 5, except we work exclusively over the prime field F p , and some arithmetic calculations are postponed to Section 7. Section 6 studies the parity property via Galois cohomology, thus providing means to extend results of Section 5 to all F p a with a odd. The aforementioned lattices descriptions are obtained in this process.
Parameterization of supersingular isogeny classes
2.1. Let q = p a be a power of a prime number p. In this section we parameterize simple isogeny classes of supersingular abelian varieties over F q . Let Q ⊂ C be the algebraic closure of Q in C. If two algebraic numbers α, β ∈ Q are conjugate over Q, then we write α ∼ β. Recall that an algebraic integer π ∈ Q is said to be a Weil q-number if |ι(π)| = q 1/2 for any embedding ι : Q(π) ֒→ C. By the Honda-Tate theory, the simple isogeny classes of abelian varieties over F q are in bijection with the conjugacy classes of Weil q-numbers. A Weil q-number is said to be supersingular if the corresponding isogeny class consists of supersingular abelian varieties. Let W ss q denote the set of conjugacy classes of supersingular Weil q-numbers. We will find a unique representative for each conjugacy class in W ss q . Let π be a supersingular Weil q-number. It is known (the Manin-Oort Theorem, cf. [27, Theorem 2.9] ) that π = √ q ζ for a root of unity ζ. Let K := Q(π) and
Note that both L and K are abelian extensions over Q. For any n ∈ N (the set of positive integers), write ζ n := e 2πi/n ∈ Q.
Lemma 2.1. Any supersingular Weil q-number π is conjugate to √ q ζ n or − √ q ζ n with n ≡ 2 (mod 4).
Proof. Let π = √ q ζ ν m for some positive integers ν and m with (ν, m) = 1. Choose
, then we are done. Suppose that m = 2k for an odd integer
by the previous argument.
By Lemma 2.1, there is a unique subset W of {± √ q ζ n ; n ≡ 2 (mod 4)} that contains { √ q ζ n ; n ≡ 2 (mod 4)} and represents W ss q . We often identify W with W ss q . To determine the set W ss q , we need to characterizes when √ q ζ n and − √ q ζ n are conjugate.
As usual, the Galois group G n := Gal(Q(ζ n )/Q) is naturally identified with (Z/nZ) × by mapping any r ∈ (Z/nZ) × to the element σ r ∈ G n with σ r (ζ n ) = ζ r n .
2.2. Let us first assume that a is even, i.e., √ q ∈ Q. Then √ q ζ n ∼ − √ q ζ n if and only if there is an element σ r ∈ G n such that σ r (ζ n ) = −ζ n . It is easy to see that (2.1) ζ r n = −ζ n ⇐⇒ 2|n and r = n 2 + 1, and if 4|n, then (r, n) = 1. As n ≡ 2 (mod 4), this gives
The two descriptions (2.3) and (2.4) match, because when n is odd, −ζ n is a primitive 2n-th root of unity and hence − √ q ζ n is conjugate to √ q ζ 2n . 
be the associated quadratic character. Clearly, χ factor through G dp = Gal(Q(ζ dp )/Q).
Lemma 2.2. Let n be a positive integer with n ≡ 2 (mod 4) and q = p a is an odd power of p.
(
If χ(r) = −1, then ζ r n = ζ n and σ r = 1, which is impossible. If χ(r) = 1, then ζ r n = −ζ n and hence 4|n and r = n/2 + 1 by (2.1). This concludes our assertion (2.6). (a) Suppose that p = 2. Then
Proof. If 8||n, then r = n/2 + 1 ≡ 5 (mod 8) and χ(r) = −1. If 16|n, then r = n/2 + 1 ≡ 1 (mod 8) and χ(r) = 1. Thus, √ q ζ n ∼ − √ q ζ n ⇐⇒ 8 ∤ n or 16|n. (b) By Lemma 2.2, we have √ q ζ n ∼ − √ q ζ n if and only if either p ∤ n or 4p|n and χ(n/2 + 1) = 1. If 4p |n, then χ(n/2 + 1) = 1 since n/2 + 1 ≡ 1 (mod p). Thus, √ q ζ n ∼ − √ q ζ n ⇐⇒ p ∤ n or 4p|n. (c) By Lemma 2.2, we have √ q ζ n ∼ − √ q ζ n if and only if either 4p ∤ n or 4p |n and χ(n/2 + 1) = 1. Suppose that 4p|n and write
, one has χ(r) = 1 if and only if r ≡ 1 (mod 4). Write n = 4pk for some integer k. Then r = 2pk + 1 ≡ 1 (mod 4) if and only if k ≡ 0 (mod 2). Therefore, we get √ q ζ n ∼ − √ q ζ n ⇐⇒ 4p ∤ n or 8p|n.
As typical examples, we have (a)
Corollary 2.4. Suppose that q is an odd power of p and n ≡ 2 (mod 4).
Proof.
(1) By Proposition 2.3, √ q ζ n ∼ − √ q ζ n if and only if p|n and 4p ∤ n, i.e. p|n and 2 ∤ n. (2) We have √ q ζ n ∼ − √ q ζ n if and only if 4p|n and 8p ∤ n.
Definition 2.5. Let d q be the smallest positive integer such that Q( √ q ) ⊂ Q(ζ dq ). More specifically, d q = d p if q is an odd power of p, otherwise d q = 1. We say a positive integer n is critical at q if d q |n and 2d q ∤ n.
It is clear from the definition that for a fixed n ∈ N, the condition that n is critical at q = p a depends only on p and the parity of a. 
and n is critical at q }.
Dimension of supersingular abelian varieties
3.1. Let q = p a be a power of a prime number p, and π a supersingular Weil q-number as in the previous section. Replacing π by a suitable conjugate, we may assume that π = ± √ q ζ n for a positive integer n with n ≡ 2 (mod 4). Let X π be a simple abelian variety over F q in the isogeny class corresponding to π. Its endomorphism algebra E = E π := End 0 (X π ) is a central division algebra over K := Q(π), unique up to isomorphism depending only on π and not on the choice of X π . The field K is either a totally real field or a CM field [17, Section 1] . The goal of this section is to determine the dimension
According to the Honda-Tate theory (ibid.), one has
(For a semisimple algebra over a field F , its F -degree is the degree of any of its maximal commutative semi-simple F -subalgebras.) Moreover, the invariants of E at a place v of K is given by
is a 2-torsion. It follows from the Albert-Brauer-Hasse-Noether theorem that E is either a quaternion K-algebra or the field K itself (henceforth labeled as case (Q) or (F) respectively).
Totally real case.
The case where K is a totally real field is well known.
(a) If a is even, then K = Q and E is the quaternion algebra over Q ramified exactly at {p, ∞}. One has π = ±p a/2 (two isogeny classes) and
and E is the quaternion algebra over K ramified exactly at the two real places {∞ 1 , ∞ 2 } of K. One has π = q 1/2 (one isogeny class) and d(π) = 2.
3.3. CM case. Consider the case where K is a CM field, i.e., n > 2.
is even for one v|p if and only if it is so for all v|p. Thus, we have the following two possibilities:
As K is CM, Condition (F) holds if and only if all invariants of E vanish. In this case
3.4.
The case where a is even. Suppose that n > 2. One has K = Q(ζ n ) and
The ramification index of any ramified prime 
3.5.
The case where a is odd. Suppose that n > 1 and n ≡ 2 (mod 4). Put
We have the following inclusions of number fields.
Note that the prime p is ramified in K with even ramification index, and hence Condition (F) always holds. Therefore,
Lemma 3.2. Let K and E be as in (3.4) . We have K = E if and only if n is critical at q. 
Suppose that a is odd and n > 1 with 4 ∤ n. Then
Proof. Since n is odd one has E = Q(ζ n ) and [E : Q] = ϕ(n). We have d q = p or 4p according as p ≡ 1 (mod 4) or not. It is easy to see that n is critical at q if and only if p ≡ 1 (mod 4) and p|n. The assertion then follows from Lemma 3.2 and (3.5).
Lemma 3.4. Suppose that a is odd and n = 4k with k ∈ N. Then
Proof. Since 4|n we have
, where δ n = 1 or 2 depending on n is critical at q or not. The lemma follows once we note that n = 4k is never critical when p ≡ 1 (mod 4).
The following is a list of d(π) for π = √ q ζ n with 4 ∤ n and 4|n, respectively. The symbol ( * ) denotes the primes satisfying the conditions p |n and p ≡ 1 (4), and ( * * ) denotes the primes satisfying the three conditions p ≡ 1 (mod 4), 4p | n and 8p ∤ n. For the sake of completeness, the case n = 1 is included and also marked to make a distinction.
n odd 1 ♮ 3 5 7 9 11 13 15 rest ϕ(n) 1 2 4 6 6 10 12 
It is easy to see that when 4|n and either n = 52 or n > 60, the value ϕ(n) > 16 and hence d(
Proposition 3.5. Suppose that q = p a is an odd power of p.
4. Supersingular elliptic curves over finite fields 4.1. Isogeny classes over finite fields. Let Isog q denote the set of isogeny classes of abelian varieties over F q , where q = p a is a power of the prime number p. Let ZW q be the free abelian group (written multiplicatively) generated by the set W q of conjugacy classes of Weil q-numbers. A nontrivial element π ∈ ZW q can be put in the form π m1 1 × · · ·× π mr r for some r ∈ N, where each π i ∈ W q , π i ∼ π j if i = j, and m i = 0 for all 1 ≤ i ≤ r. Such an element is called a multiple Weil q-number if m i > 0 for all i, and the set of all these elements is denoted by M W q . Put X π := i X mi πi , where X πi is the simple abelian variety (up to isogeny) over F q corresponding to π i . The Honda-Tate theorem naturally extends to a bijection M W q ≃ Isog q which sends each π ∈ M W q to the isogeny class [X π ] ∈ Isog q of X π .
For each π ∈ M W q , we define its dimension as
Let Isog(π) = Isog(X π ) denote the set of F q -isomorphism classes of abelian varieties isogenous to X π over F q , and denote H(π) := |Isog(π)|. Let M W ss q ⊂ M W q be the subset of supersingular multiple Weil q-numbers, i.e. those π ∈ M W q whose corresponding abelian varieties X π are supersingular. For any integer
) be the set of isomorphism classes of d-dimensional supersingular (resp. superspecial) abelian varieties over F q . When π ∈ M W ss q , we let Sp(π) ⊂ Isog(π) be the subset consisting of superspecial isomorphism classes and denote H sp (π) := |Sp(π)|. Thus,
4.2. Supersingular elliptic curves. We compute the number |S 1 (F q )| of isomorphism classes of supersingular elliptic curves over F q , where q = p a as before. The method is based almost entirely on the results of Waterhouse [20] , except certain details need to be cleared up (compare with [20, Theorems 4.5] ).
Theorem 4.1. Let π be the Frobenius endomorphism of an elliptic curve E 0 over F q , and K := Q(π). Assume that π ∈ Q so that K is an imaginary quadratic field. Equivalently, the central K-algebra End 0 (E 0 ) of the elliptic curve E 0 is assumed to be commutative and thus necessarily an imaginary quadratic field.
(1) Any endomorphism ring R = End(E) of an elliptic curve E in the isogeny
any order R of K satisfying these two properties occurs as an endomorphism ring of an elliptic curve in this isogeny class. (2) Suppose that R ⊂ K is a quadratic order as in (1). Then the Picard group
Pic(R) of R acts freely on the set Namely, the number of orbits here is also given by N = v|p N v , where v runs through the set of all places of K over p, and each N v is the number described as follows. Let e v and f v be the ramification index and residue degree of v, respectively, and set g v = gcd(f v , a) and m v := g v ord v (π)/a. Note that m v is an integer since End 0 (E 0 ) is commutative and thus f v ord v (π)/a ∈ N. Then N v is the number of all g v -tuples (n 1 , . . . , n gv ) of integers satisfying 0 ≤ n j ≤ e v and gv j=1 n j = m v . In the present situation End 0 (E 0 ) = K is commutative and R is maximal at p. As in the proof of [20, Theorem 5.1] , to find the the number of orbits for the action of Pic(R) on [E 0 ] R , one needs to classify the Tate-modules T ℓ E at all primes ℓ = p and the Dieudonné modules at the prime p of E ∈ [E 0 ] R . The number of orbits is then the product of the number of isomorphism classes of the above modules at each prime.
The Tate-module Now it is easy to compute the number N of orbits. Notice N v = 1 only when g v > 1. For our case with [K : Q] = 2 this occurs only when p is inert in K and a is even. In this case there is only one place v over p, g v = 2 and e v = 1. Then N = N v is the number of pairs (n 1 , n 2 ) with 0 ≤ n 1 , n 2 ≤ 1 and n 1 + n 2 = 1, which is 2. 
Then by part (1) 
We return to the calculation of | Sp 1 (F q )| by the counting method. The isogeny classes of supersingular elliptic curves over F q are completely listed by the following Weil numbers W ss
For each Weil q-number π ∈ W ss q (1), let R 0 be the smallest quadratic order in K = Q(π) which contains π and is maximal at p. It is easy to see that R 0 is the maximal order except when π = √ q ζ 4 , p ≡ 3 (mod 4) and a is odd. In the latter
and we have by Theorem 4.1 that
For the other cases the order R 0 is maximal and we have
where N = 2 if p is inert in K and a is even, and N = 1 otherwise. Recall that for a square free m ∈ Z, the class number of Q( √ m ) is denoted by h( √ m ). Suppose first that a is odd. For p = 2, we have
For p = 3, we have
For p > 3, we have (see [26, 
(4.
Suppose now that a is even. By (4.3), we have
where δ m (p) = 1, 0 according as p ≡ 1 (mod m) or not for m = 3, 4. It is well known that H( √ q ) is equal to the class number h(B p,∞ ) of the quaternion Q-algebra B p,∞ ramified only at p and ∞. Thus,
By Theorem 4.1, we have 
From (4.6), (4.7), (4.9) and (4.13), we obtain an explicit formula for the number | Sp 1 (F q )| of supersingular elliptic curves over F q .
Theorem 4.4. Suppose q = p a is a power of the prime number p.
(1) If a is odd, then
(2) If a is even, then 
by extending both base fields to F p aa ′ ([20, Remark, p. 542]). Equivalently, the bijection Sp(π) ≃ Sp(π ′ ) can be obtained by matching the j-invariants.
Superspecial abelian surfaces over F p
In this section we assume that the ground field is the prime field F p ; abelian varieties and their morphisms are all defined over F p unless otherwise stated. 5.1. Supersingular abelian varieties over F p . We describe a result which allows us to count supersingular and superspecial abelian varieties over F p , based on a result of Waterhouse [20, Theorem 6.1 (3)] (also see an extension [26, Theorem 3.1] to non-simple isogenies).
Let X 0 be a fixed supersingular abelian variety over F p and let π = π 
. Let π 0 ∈ End(X 0 ) be the Frobenius endomorphism. The Q-subalgebra K = Q(π 0 ) ⊂ E generated by π 0 is semi-simple and coincides with the center of E. One has K = i K i and π 0 = (π 1 , . . . , π r ), where 
Observe that the Tate module T ℓ (X 0 ) (for any prime ℓ = p), as a Z ℓ [Gal(F p /F p )]-module, is nothing but an R ℓ -module, and the (covariant) Dieudonné module M (X 0 ) is simply an R p -module, where R ℓ = R ⊗ Z ℓ and R p = R ⊗ Z p . 
Under this identification, any R-lattice Λ ′ in V gives rise to a unique quasi-isogeny ϕ : X → X 0 such that ϕ * (T ℓ (X)) = Λ ′ ⊗Z ℓ for ℓ = p and ϕ * (M (X)) = Λ ′ ⊗Z p . Two lattices Λ 1 and Λ 2 are isomorphic as R-modules if and only if there is an element g ∈ GL K (V ) such that Λ 2 = gΛ 1 . Two quasi-isogenies are isomorphic if and only if they differ by an element in E × . Our assumption ensures that GL K (V ) ≃ E × . Then the above correspondence induces the desired bijection (also see [26, 
Consider the case π ∈ W ss p (2) or π = π 1 × π 2 with π 1 , π 2 ∈ W ss p (1). By (4.1) we have
The number H sp ( √ p ) = H( √ p ) has been calculated in [23] , so this case will be excluded from our discussion. We refer to [4, Section 37] for the definition of a Bass order. Note that when π = π 1 × π 1 , R sp is an order in the quadratic field Q(π 1 ), and such orders are well known to be Bass. It will be shown in Section 7.2 that R sp is a Bass order for all π considered (i.e. π ∈ M W ss p (2)). Thus, when the K-module V is free of rank one (i.e. in the case where π = π 1 × π 1 ), Theorem 5.1 gives
In the case when V is free of higher rank (in fact, rank 2 when π = π 1 × π 1 ) , one can use the results of Borevich and Faddeev on lattices over orders of cyclic index to compute H sp (π) (cf. [4, Section 37, p. 789]). In the following, the notation B π,j (or B j for short) with j ∈ N, will stand for an order B of K with R sp ⊂ B ⊂ O K and [O K : B] = j. The dependence of K, R sp and B j on the choice of the Weil p-number π should be understood though it is omitted from the notation. For any two square-free integers d > 1 and j ≥ 1, we write K d,j for the CM field Q( √ d , √ −j ). For a finite collection of algebraic numbers α 1 , . . . , α n , the notation h(α 1 , . . . , α n ) denotes the class number of the number field Q(α 1 , . . . , α n ). Particularly, h( √ d , √ −j ) and h(K d,j ) have the same meaning. 
h( √ −p ) for p ≡ 3 (mod 4) and p > 3.
This occurs only when p = 2 or 3. The following are class numbers of B with R sp ⊂ B ⊂ O K obtained in Section 7.3.
The orders B j are listed here for the convenience of the reader.
The contribution of other non-simple cases is
H sp (π 1 × π 2 ) = 2 × 2 + 4 = 8 for p = 2; 2 × 4 + 4 = 12 for p = 3.
, which is the maximal order in K by Exercise 42(b) of [12, Chapter 2] . Therefore, [21] . We list the suporders of R sp in O K and their class numbers in the following table.
for p ≡ 3 (mod 4) and p > 3.
We have the following results from Section 7.4.
The following are the class numbers of the fields K = Q( √ p ζ n ) for n ∈ {3, 8, 12} and p ∈ {2, 3, 5}. They are checked using Magma.
We collect the contribution of simple cases. For p = 2, we have
For p = 5, we have
For p ≥ 7, we have
(5.14)
Let ∆(p) be the number of isomorphism classes of superspecial abelian surfaces whose Frobenius endomorphism not equal to ± √ p . Then we have (5.15)
Collecting the results (5.6), (5.7), (5.11) (5.12), (5.13) and (5.14), we obtain the following result. 
where ̟ p is defined in (1.2) . (3) For p > 5 and p ≡ 3 (mod 4), we have
where ̟ 3p is defined in (1.2 Remark 5.4. Based on our computation we observe that the endomorphism ring of a superspecial abelian surface over F p may be a non-maximal order, or even non-maximal at p. For example, when p = 3 and π = √ 3 ζ 3 , the order R sp , which occurs as the endomorphism ring of a superspecial abelian surface [20, Theorem 6 .1], has index 3 in the maximal order. 1) and (3p, 3) .
Recall that the discriminant of F is denoted by d F , which is either p or 4p. Using the function equation and the trivial inequality ζ F (2) > 1, we have 
In particular, applying this to the quadratic imaginary fields Q( √ −p ), we obtain that h(
be the fundamental unit of the quadratic real field Q( √ d ). By Siegel's theorem [8, Theorem 15.4, Chapter 12] , the growth of h(K
Combining these bounds yields that h(K d,j )/ζ F (−1) → 0 as p goes to infinity.
6. Galois cohomology of an arithmetic group 6.1. Galois cohomology and conjugacy classes. We refer to [14, Section I.5] for the definition of nonabelian Galois cohomology. Let Γ Fq = Gal(F q /F q ) be the absolute Galois group of F q , and G a group with discrete topology on which Γ Fq acts continuously. Let σ q be the arithmetic Frobenius automorphism of F q , which raises each element of F q to its q-th power. The group Γ Fq is isomorphic to the profinite group Z = lim ← −n∈N Z/nZ with canonical generator σ q . Each 1-cocycle (a σ ) σ∈Γ Fq is uniquely determined by its value x = a σq ∈ G at σ q . An element of G is called a 1-cocycle element if it arises from a 1-cocycle in this way. We will identify the set of 1-cocycles Z 1 (Γ Fq , G) with the subset of 1-cocycle elements of G. Two 1-cocycle elements x, y ∈ Z 1 (Γ Fq , G) define the same cohomology class if and only if they are σ q -conjugate (denoted by x ∼ σq y), i.e., there exists z ∈ G such that x = z −1 yσ q (z). Write [x] σq for the σ q -conjugacy class of x ∈ G, and B(G) for the set of all σ q -conjugacy classes of G. Then
If the action of Γ Fq on G is trivial, then B(G) is reduced to the set Cl(G) of (the usual) conjugacy classes of G.
Lemma 6.1. Assume that the action of Γ Fq on G factors through a finite quotient Gal(F q N /F q ). We have
is of finite order }.
In particular, if the action of
Proof. This follows directly from Exercise 2 of [14, Section I.5.1].
6.2. Abelian varieties over finite fields and twisted forms. Let X 0 be an abelian variety over F q with Frobenius endomorphism π X0 ∈ End Fq (X 0 ). Set X 0 = X 0 ⊗ F q , and G = Aut(X 0 ). The Galois group Γ Fq acts on End(X 0 ) as follows (see
, ∀ x ∈ End(X 0 ), where the conjugation by π X0 is taken inside End 0 (X 0 ). As End(X 0 ) is a free Zmodule of finite rank, the action of Γ Fq factors through a finite quotient Gal(F q N /F q ), and hence (π X0 ) N is central in End(X 0 ). Recall that an (F q /F q )-form of X 0 is an abelian varieties X over F q such that X := X⊗F q is F q -isomorphic to X 0 . Let E(F q /F q , X 0 ) be the set of F q -isomorphism classes of (F q /F q )-forms of X 0 . By [14, Section III.1.3], there is a canonical bijection of pointed sets
sending the F q -isomorphism class of X 0 to the trivial class. The map θ is induced from mapping each F q -isomorphism f :
The injectivity of θ follows purely from cohomological formalism, and the surjectivity is a consequence of Weil's Galois descent.
An isomorphism f of abelian varieties as above induces an isomorphism
The Frobenius endomorphisms π X0 and π X are related by the following commutative diagram (see [24, (4. 2)]):
We compute
Note that for x, y, z ∈ G,
Hence there is a well-defined injective map
where End(X 0 )/G denotes orbits of End(X 0 ) under the right action of G by conjugation. In a sense, the image of H 1 (Γ Fq , G) under Π consists of the conjugacy classes of Frobenius endomorphisms of members of E(F q /F q , X 0 ).
We can also work in the category of abelian varieties up to isogeny and study the (F q /F q )-forms of the isogeny class [X 0 ]. Thus we pass from isomorphisms of abelian varieties to quasi-isogenies, and endomorphism rings to endomorphism algebras, etc.
) be the set of F q -isogeny classes of abelian varieties [X] such that X is isogenous to X 0 over F q , and G Q = End 0 (X 0 ) × . Many previous constructions can be carried over. In particular, both (6.4) and (6.5) hold true for any quasiisogeny f : X 0 → X, and one obtains a 1-cocycle element x = f −1 σ q (f ) ∈ G Q as before. This gives a canonical injective map (6.7)
θ :
which fits into a commutative diagram (6.8)
The left vertical map sends the F q -isomorphism class of X to its F q -isogeny class [X] , and the right vertical map is induced from the inclusion of Γ Fq -groups G ⊂ G Q . Thus (6.8) endows a geometric meaning for this cohomological map. We complete the picture by showing that the map θ in (6.7) is surjective and thus a bijection of pointed sets as stated in Theorem 1.4. Recall that the action of Γ Fq on End 
Lemma 6.2. There is a bijection between H 1 (Γ Fq , G Q ) and the following subset of conjugacy classes of Cl(G Q ):
Proof. Since π X0 ∈ G Q , the map Π in (6.6) defines a bijection
Let π x = xπ X0 for each x ∈ G Q . Then
lies in the center of the simple Q-algebra End 0 (X 0 ). The minimal polynomial of π factorizes as a product of distinct irreducible polynomials over Q:
For all π ′ in the conjugacy class [π], the Q-subalgebra
) can be identified with the Q-subalgebra of K generated by t N M , thus providing a K 0 -algebra structure on K. By (6.10), K factorizes as a products of number fields
By an abuse of notation, we regard π N X0 as a Weil q N -number via a embedding K 0 ֒→ Q. Then for each 1 ≤ i ≤ r, the roots of P i (t) in Q is a conjugacy class of Weil q-numbers such that one of its representative π i satisfies π
. Therefore, given π ∈ C (π X0 ), we find r Weil q-numbers representing distinct conjugacy classes (6.12) {π 1 , · · · , π r } with π
for some M ∈ N and all 1 ≤ i ≤ r.
Next, we fix P (t) ∈ Q[t] as above, and produce a discrete invariant for every conjugacy class [π] ∈ C (π X0 ) with minimal polynomial P (t). Let V = D d be the right vector space over D of column vectors. Then End D (V ) = Mat d (D) acts on V from the left by the usual matrix multiplication. We have a canonical K 0 -algebra embedding K ֒→ End D (V ) sending K to K π . Thus π endows a faithful (K, D)-bimodule structure on V , denoted by V π . By (6.11), there is a decomposition of V into right D-subspaces:
The action of K i on V i gives rise to a K 0 -embedding
We study each of the embeddings individually first.
for some integer M ∈ N, and X π a simple abelian variety over F q in the isogeny class corresponding to π. Let e = e(π) be the smallest integer such that there is an
e , and End 0 (X π ) is isomorphic to the centralizer C π of Q(π) in Mat e (D). Proof. The bijection between between (1) and (2) is established by the map sending (6.14) .
In particular, the map θ in (6.7) is a bijection of pointed sets.
, we produce the desired multiple Weil q-number by combing the type m = (m 1 , · · · , m r ) of [π x ] ∈ C (π X0 ) and the set {π 1 , · · · , π r } determined by [π x ] as in (6.12) 
mi be an abelian variety over F q corresponding to π m1 1 × · · ·× π mr r . Then X is isogenous to X 0 by Lemma 6.3 and (6.14). Identify End 0 (X) with End 0 (X 0 ) via an isogeny f : X 0 → X as in (6.3). The conjugacy class of α f (π X ) ∈ G Q is independent of the choice of f . By the construction, α f (π X ) is a semisimple element with the same minimal polynomial and type as π x = xπ X0 . It follows from Lemma 6.4 that they must lie in the same conjugacy class of G Q . We conclude that θ is surjective by Lemma 6.2.
6.3. Superspecial abelian varieties and the parity property. We apply the previous construction to the study of superspecial abelian varieties over finite fields. Let E 0 be a supersingular elliptic curve over the prime finite field F p whose Frobenius endomorphism π 0 satisfying π 0 , x ∈ G. We will also write G Q for the group GL d (D).
Recall According to this theorem, any d-dimensional superspecial abelian variety over F q is an (F q /F q )-form of X 0 ⊗ F q . Thus we obtain a natural bijection by (6.2)
which sends the trivial class to the isomorphism class of
is partitioned into isogeny classes:
Sp(π). 
Proof. If d = 1, then (6.19) has been proven in Section 4.2; see Theorem 4.4 and Remark 4.5. If d > 1, then (6.19) follows from (6.16) and (6.18). Therefore, it remains to prove (6.18).
Since π 2 0 is a central element, the element σ 2 p acts trivially on G by (6.15). Thus σ q (x) = σ q ′ (x) for all x ∈ G. This together with the canonical isomorphism
Remark 6.8. By the same token, we have a natural bijection (6.20)
Thus by Theorem 6.5, there is also a natural bijection between the isogeny classes of supersingular abelian varieties over F q and those over F q ′ . This can be made explicit in terms of multiple Weil numbers. The Frobenius endomorphism of X 0 ⊗F q is π Proof. This follows from Theorems 5.1 and 6.7.
The above theorem provides an approach for computing the size of Sp d (F q ) explicitly in the odd exponent case, subject to the condition that K has no totally real factors. For the rest of this section we shall describe H 1 (Γ Fq , GL d (O)) (and hence Sp d (F q )) when q is an even power of p.
In what follows we assume that q = p a is an even power of p and
a/2 lies in the center of End(X 0 ) = Mat d (O). Hence Γ Fq acts trivially on the group G := GL d (O) by (6.15) . Then it follows from Lemma 6.1 that H 1 (Γ Fq , G) can be identified with the set Cl 0 (G) of conjugacy classes of elements in G of finite order. We shall give a lattice description for Cl 0 (G) and hence for Sp d (F q ) by the previous correspondence. See Theorem 6.11 for details. Suppose x ∈ G is an element of finite order, which is necessarily semi-simple. The minimal polynomial of x over Q has the form
for some r-tuple n = (n 1 , . . . , n r ) ∈ N r , where Φ m (t) ∈ Z[t] denotes the m-th cyclotomic polynomial. We define
and
The Q-subalgebras of End 0 (X 0 ) = Mat d (D) generated by x and π x = xπ X0 coincide and are isomorphic to K n . Moreover, the subring
We denote by C(n) ⊂ Cl 0 (G) the set of conjugacy classes of G with minimal polynomial P n (t). By Theorem 6.5, each conjugacy class [x] ∈ C(n) determines a (conjugacy class of) supersingular multiple Weil q-number π 
where e(π i ) is defined in Lemma 6.3.
Since dim E 0 = 1, we have e(π i ) = d(π i ), the dimension of the Weil number π i . Note that d(π i ) depends only on the integer n i as q = p a is fixed, so we write d(n i ) for it instead. Equation (6.14) becomes Proof. The bijection between (1) and (2) is established by combining (6.16) and Theorem 6.5. The bijection between (1) and (3) follows from Lemma 6.10.
Arithmetic results
In this section, we prove the arithmetic results used in Section 5 concerning the order R sp . In the light of (5.4), our goals are two fold: (1) show that R sp is Bass for every supersingular multiple Weil p-number π ∈ M W ss p (2) of dimension 2 distinct from ± √ p ; (2) classify all suporders of R sp (i.e., orders in K containing R sp ) and calculate their class numbers when π is not of the form π 1 × π 1 with π 1 ∈ W ss p (1) (The case π = π 1 × π 1 has already been treated in Section 5.2). Proof. Each O Ki is equipped with an S-module structure via the projection map η i : S → O Ki . Since η 2 (S) = O K2 , the natural inclusion O K1 ֒→ O K1 × O K2 defined by x → (x, 0) induces an isomorphism of S-modules
The left hand side is a cyclic S-module because η 1 (S) = O K1 .
We return to the general case with r ≥ 1. Let a be an O K -lattice (i.e., a fractional O K -ideal that contains a Q-basis of K) contained in S. There is a oneto-one correspondence between the orders B intermediate to S ⊆ O K and the subrings of O K /a containing S/a. By [13, Theorem I.12.12], the class number h(B) can be calculated by Proof. Clearly (x 1 c 1 , 0, · · · , 0) is an ideal of O K . For any element y 1 ∈ c 1 , we may find y ∈ S such that η 1 (y) = y 1 . Then (x 1 y 1 , 0, · · · , 0) = (x 1 , 0, · · · , 0) · y ∈ S.
7.3. Suporders of R sp and class numbers: the nonisotypic product case. Assume that p = 2 or 3 and π = π 1 × π 2 is a supersingular multiple Weil p-number of dimension 2 listed in (7.3). Using Lemma 7.3 and Lemma 7.4, one may easily find an O K -lattice a contained in R sp and compute the quotient rings O K /a and R sp /a. We obtain the following table (For simplicity, we set i = ζ 4 = √ −1 ).
Here 
